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ABSTRACT 
The identity recently discovered by Ky Fan is shown to be a combination of 
shorter identities expressing determinants that vanish. 
An old theorem of geometry says that if we draw perpendiculars to the 
sides of a triangle from a point on its circumcircle, then the feet of the three 
perpendiculars are collinear. Ky Fan [l] has just recently shown that this 
actually amounts to a theorem in linear algebra, a theorem which he then 
proved over other fields: 
THEOREM (Fan). Let f be a symmetric bilinear form on a 2dimensional 
vector space V over a field of characteristic # 2. Let a,, a2, a3, a4 be any 
four vectors in V for which f(ai, ai) = 1. Then 
f(a,,a,-a,>f(a,,a4-a2)[l-f(a2ya3)l 
+ f(a,,a, - a,>f(a,, a2 - a,)[1 - fbbaJ 
+ f(a,,a, - a3)f(al,a3 - a,)[l- f(adya2)l 
+[l-f(a,,a,)][l-f(a,,a,)l[l-f(a,,a,)l =O. 
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My purpose in this note is to show how this identity can be written as a 
sum of shorter identities. 
Our identities will actually arise by specializing identities that do not 
require the hypothesis f(ai, ai) = 1. In fact, they do not even require f to be 
symmetric (an observation that I owe to Professor Fan). Suppose indeed that 
a i, a 2, a 3, a 4 are any four vectors in a 2dimensional space V, and f is any 
bilinear form on V. If a i, a j, ak are any three of the vectors, there is a 
nontrivial equation r,a i + rja j + rkak = 0, whence 0 = r,f(a i, a p) + 
rjf(aj,a,)+rkf(ak,a,)foreach p. Hencethe4by4 matrix(f(ai,aj))has 
rank at most 2. Thus if we let Dp4 denote the determinant of the minor 
omitting row p and column q, we have the identity Dv, = 0 for all p and q 
(and all choices of f and the ai). 
THEOREM. When f is symmetric and f(ai, ai) = 1, the identity 
becomes Fan’s identity. 
Proof. This is pure computation. We get for instance 
Dd4 = 1 - f(a,, a2)2 - f(a,, a3)2 - f(a2, a3)2 
In abbreviated notation, writing (ij ) for f( a i, a j), we likewise have 
D,, = 1 - (23)2 - (24)2 - (34)2+2(23)(24)(34), 
0% = 1- (12)2 - (14)2 - (24)2+2(12)(14)(24), 
and so 
Dd4 + OS3 + D22 - D,, = 2 { 1 - ( 12)2 - ( 13)2 - ( 14)2 
+ (12)(13)(23) + (12)(14)(24) + (13)(14)(34) - (23)(24)(34)}. 
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Similarly we get 
OS4 = (34) - (23)(24) - (13)(14) - (12)2(34)+(12)(14)(23) +(12)(13)(24), 
Dss = (23) - (12)(13) - (24)(34) - (14)2(23) 
+ (12)(14)(34) + (13)(14)(23), 
D24 = - (24) + (12)( 14) + (23)(34) + ( 13)2(24) 
- (13)(14)(23) - (12)(13)(34). 
Turning now to Fan’s identity, we find the first term is equal to 
(13)(14) - (12)(13)+(12)(14) - (14)2+(14)2(23) 
+(12)(13)(23) - (13)(14)(23) - (12)(14)(23), 
and the second and third terms are derived from this by cyclic permutations 
of 2,3,4. In these expressions each term like (13)(14) occurs three times, once 
negatively and twice positively. The last term is 1 - (23) - (34) - (24) + 
(23)(34) + (23)(24) + (24)(34) - (23)(24)(34), and there are no further cancel- 
lations. Adding up, one can easily verify that the 26 terms occurring are 
exactly the same as those in the combination of determinants. n 
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